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Chapter 1

Semi-conductors

1 Crystal and electronic structure

1.1 Face-centered cubic lattice

A set of primitive vectors for the face-centered cubic lattice is

~ -

C_il: (‘%+y>7 a2

[ 4

A question can arise : what is the volume of the unit of the unit cell 7

L L s
'UC:’CMXCZQ'CL;;’:ZG



CHAPTER 1.

SEMI-CONDUCTORS

Calculation :

Ve = ‘61 X 62'6_1:3‘

conventional cell :

1
8

has one atom in it.

Reciprocal vector,

Thus,
(- 2m
b1 = —ay9 X a3 =
Ve
»o_2m
bg = —ag X ayg =
c
»o_2m
b3 = —a; X ayg =
\ Ve

e 1 0
S IUEIURE
0 1 1
1 0
3
:%f 1] |1
1 1
3
a
=% -1-1
L1
_a
4

Remark : the smart way is to make the calculation of the number of atoms in the

1
- X8+ =-x6=4

Where 1/8 and 1/2 is the sharing. One has to remember that the so-called primitive cell

Z(e-g-4)
T(etig—i)

Z(-g-2+3)

The reciprocal vector are kind of the Fourier transform in space. The two spaces are dual of
each others. The reciprocal space of the Face-Centered Cubic lattice is a Cubic Centered lattice.
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o L . L

The size of the new cube has a length of 47 /a. The I' point is in the middle, X is from I' to a
face, L is from center to a vertex. X is in the plane (100) and L is in the plane (111)

R *
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1.2 Diamond structure

The diamond lattice (formed by the carbon atoms in a diamond crystal) consists of two inter-
penetrating face-centered cubic Bravais lattices, displaced along the body diagonal of the cubic
cell by one quarter the length of the diagonal. It can be regarded as a face-centered cubic lattice
with the two-point basis 0 and (a/4)(Z + y + 2). The coordination number is 4. The diamond
lattice is not a Bravais lattice,

e

[y

Hence, the diamond is a face-centered cubic lattice with a basis (0,0,0) and (1/4,1/4,1/4). We
have 8 atoms per conventional lattice.

Remark : The zinc-blende structure is an example of two FCC lattices with two species.
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1.3 Bloch Theorem

Now we put electrons in those cells.

BLocH THEOREM :

Let ¢ be the wavefunction. We are interested to know the wavefunction in an other cell as a
function of the one in the first cell. If the lattice is periodic,

{ Ui () = € Ty o (F)

—

un,k(F—i— R) = Umk(T'_J)

k is the first Brillouin zone, R Bravais lattice vector, n the primitive cell and w,  is a periodic
function. We see indeed that the wavefunction is the same up to a global phase. Such a global
phase keeps the physics the same indeed.

Remark : an equivalent formulation of Bloch Theorem is :

=

(P + R) = * By (7)

The two formulations are totally equivalent. The wavefunction is an eigenvector of the
translation operator. Unitary operator has eigenvalues’s modulus equal to 1, and hermitian
opeartor has eigenvalues that are real.
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1.3.1 Band structure

Carbon (C) has 8 electrons per unit cell. 4 occupied valence bands (2 spins per bond)

-16

[y
L r X

Silicon (Si) is also a diamond structure, with this time a gap between valence and conduction

band,

6
0 feq aGap
3
2
w 1§ —%
e
Q)
-10 \ —s
<<
=
[
L r X

Eg = EminCB - EmaXVV

A semi-conductor is when with temperature, and electron can hop from the valence band to the
conduction band.
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Cenduchion. Band_

E St
Valence. Rand

wavevechoz. B

Ereegy.

If we have a so-called direct gap, kninc = Fmaxyy Otherwise it is called an indrect gap and thus

kminC’B 7é kmaxVV-

E
A

\
o
_/
_/
S

p-type intrin. n-type
Metal Semimetal Semiconductor Insulator

2 transport and charge carriers

When I say charge carriers, of course the one you are most used to is electrons. We are gonna
explain the concept of holes.

At room temperature, the resistivity p, p = c~! and o is the conductivity. The resistance 2 is
linked to the resistivity with Q = pL/A where L is the length of the wire and A it’s area. The
resistivity is an intrinsic quantity and resistance an extrinsic quantity.

Psemi-condcutor ™~ 109 Ohm.cm
Pmetal ~~ 1076 Ohm.cm

22
Pinsulator ™~ 10 Ohmcm
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We recall Drude’s conductivity,

n€27'

decreases with T" because 7 has a temperature dependency,

Ometal =

Osemi-conductor 11CTeases with temeperature,

where n is the electron density, e is charge of electrons, m is the electron mass and proportional
to the next time you have a collision 7. For semi-conductor, it increases because the electronic
population depends on the temperature.

The electrons close to the bottom of the conduction band,

ECR)

k%+k§+k§>

2m1 2m2 2m3

e(k) =e+ 1 (

for a direct gap.

Remark : In the case of an indirect gap, you have to make an expansion near a k-point
that is not the I' point.

We can define the effective mass,

92\
=1 ()

If we apply a magnetic or electric field, the electron’s acceleration will be given by its effective
mass.

ECR) ECR)

r 3 F 3

Smonll eteechive maes " Liﬁ otrecfie magt
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If we have holes close to the maximum of the valence band, a hole is a missing electron in the
valence band,

le 27712 + 2m3

2 2 2
6<k):€v—h2(k1 + k? kS)

If we have multiple valence band,

ECR)

:‘&

hemud holea
light

kyn = ke, €Ep = —€

hence, we can assign the charge +e to the hole.

For GaAs,
me = 0.06mg
Mep, = 0.08mg
mpn, = 0.5myg
For Si,

Mep, = 0.16myg
My — O.49m0

where myg is the free electron mass.

3 Thermal population of charge carriers
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The Fermi energy divides the state between an occupied and unoccupied zone. At T = 0, it is
equal to the chemical potential. We impose that ¢, < p < €. and E; = €. — €,. We will assume
that e, — > kT and p — €, > kgT'. Thus, E, > kgT.

Electronic density in the conduction band,

400 1
TLC(T) = / dEgc(E)eﬁ(T)_‘_1

where g.(€) is the electron density in the conduction band and p the chemical potential.

Hole density in the valence band,

€y 1 €y 1
pv(T) :/_ dEgv(E) (1 — m) = /_OO degv<€>m

[e.9]

We remind ourselves the Taylor expansion,

1
Ble—m 11 e P for e > e,
ehle=
1
gy fre<a
Thus,
+oo
pv(T) — /Ev g (e)ef(ﬂfe)/kBT _ e*(,ufev)/kBTP’U<T)
With,

RAT) = [ deg (e

3/2
Mew

gc,v(e) = 2|€ - 60,1}|W

Where m? = m—1mams and m2 = mimim}. We are using the free gas density of states because
we are only in the vicinity of the bottom/top of the bands, and so, with the exponential factor
that is going to go to 0 quick, we are not making a big mistake in that approximation. And so

we get the integrals,

m§/2 +o00 (e—e0) kBT € — €.
N.(T) = s dey/2(e — €.)e T = T

“+oo

mc 2

= (2k3)3/2/ dzxe™™
h372 0

1 (chkBT)3/2

4 mh?
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And with the same method,

ZkaBT) 3/2

And with numbers,

And finally,

n.(T) = e« /T N (T)
po(T) = 6_(M_€v)/kBTPU(T)

We remark that N, and P, do not depend on the chemical potential, hence if we calculate n. x p,,
this quantity is independent of the chemical potential.
Action-mass law,
ne(T)  po(T) = Ne(T) P, (T)e™(emer)/hat
N(T)P,(T)e Fo/ksT

3
_ 1 (kBT) (mcmn)g/zeng/kBT

2 \ mh?

4 Intrinsic semi-conductors

Intrinsic semi-conductors is when there is a negligible quantity of impurities. Meaning that the
only carriers are coming from the semi-conductor.

And so, in this situation, n.(T) = p,(T) = n;(T).

Bi(T) = (N(T)Py(T)) 26~ Fo/ 25T

3/2
_1 (QkBT) (1mgmy )/ e~ Fal 2T
4 C v

And so we can make the calculation of u;,

6_6(65_5v+2l14i) —
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- beresuin3)

13 ,
=+ =B, + Zk:BTln(m )

And so,

2 M

at T = 0, the chemical potential y; is the middle of the gap. At room temperature, the chemical
potential stays close to p;(T" = 0) = (€. + €,)/2 because m,/m, ~ 1 and E, > kgT. So our
hypothesis are consistent with what we get here.

5 Extrinsic semi-conductors

If impurities contribute a significant fraction of the conduction band electrons and/or valence
band holes, one speaks of an extrinsic semiconductor.

Impurities that contribute to the carrier density of a semiconductor are called donors if they
supply additional electrons to the conduction band, and acceptors if they supply additional
holes to (i.e., capture electrons from) the valence band. Consider, for example, the case of
substitutional impurities in a group IV semi- conductor. Suppose that we take a crystal of
pure germanium, and replace an occasional germanium atom by its neighbor to the right in
the periodic table, arsenic. The germanium ion has charge 4e and contributes four valence
electrons, while the arsenic ion has charge 5e and contributes five valence electrons. If, to a first
approximation, we ignore the difference in structure between the arsenic and germanium ion
cores, we can represent the substitution of an arsenic atom for a germanium atom by a slightly
less drastic modification, in which the germanium atom is not removed, but an additional fixed
positive charge of e is placed at its site, along with an additional electron.

The electron will be bound to the positive ion, with a binding energy much smaller than in the
Hydrogen atom.
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i) The electric field is reduced by the effect of the dieletric constant (k ~ 16).

ii) The effective mass of the electron in the semi-conductor is of the order of ~ 0.1 of the free
electron mass.

For the Hydrogen atom, the binding energy is

moe*

€Binding = 1 Ry =156 eV = 2h2

For the donor level, the binding energy is

m* 1 meer m* 1
I = —— x13.6 eV« 13.6 ¢V
mo k2 2h? mo K2 ¢ ¢

€Binding =

where m* is the effective mass of the electron in the semi-conductor. Using m*/mgy ~ 0.1 and
k ~ 16, we get €pinding ~ 5.3 meV. The level of the impurity (donor €4) is very close to the
minimum of the conduction band, €, — €4 < E.

Bohr radius,

h2
ag=—5=052A
me
Radius for the donor,
hZ
o = ﬁ*/ﬁl—Z ~ 100 A > agp
m* me

At T =300 K, kgT = 26 meV.

For acceptor levels it is the same idea as with the donors one, but instead of a positive site, it
is a negative site, and with a hole in the lattice and not an electron,

If impurities contribute a significant fraction of the conduction band electrons and/or valence
band holes, one speaks of an extrinsic semiconductor. Because of these added sources of carriers
in the density of conduction band electrons need no longer be equal to the density of valence
band holes, thus,

Ne — Py = An # 0
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Since the law of mass action,
2
NePy = Ny

holds regardless of the importance of impurities. Thus we can express the carrier density in the
extrinsic case in terms of their intrinsic values n; and the deviation An from intrinsic behavior,

1 1
ne = +=An+ =1/ (An)? + 4n?

)

2 2
1 1 ;
Dy = —§An + 3 (An)? + 4n;

The quantity An/n;, which measure the importance of the impurities as a source of carriers, can
be given a particularly simple expression as a function of chemical potential p,

ne = eﬁ(u—ui)ni7 Dy = e—ﬂ(u—ui)ni
Therefore,
An = n. — p, = n; (eﬁ(u—m) _ 6‘6(#‘#2‘)) = 2n; sinh(B(p — 1))
So,
An .
1 = 25 (B (s — )

If An is not much larger than n;, then u is close to p;. If |An| > n;, if An > 0, then n. ~ An
and it is called a n-type, and if An < 0 then p, ~ —An and it is called a p-type.

6 Population of impurity levels in thermal equilibrium

We assume that the density of impurities is low enough that the interaction of electrons (or
holes) bound at different impurity sites is negligible. The mean number of electrons (or holes)
there would be if there were only a single (at most) impurity. For simplicity we assume that the
impurity introduces only a single one-electron orbital level.

Donor Level : If we ignored electron-electron interactions the level could either be empty, could
contain one electron of either spin, or two electrons of opposite spins. However, the Coulomb
repulsion of two localized electrons raises the energy of the doubly occupied level so high that
double occupation is essentially prohibited. Quite generally, the mean number of electrons in a
system in thermal equilibrium is given by:

Zj Nje—ﬁ(Ej—MNj)
(n) = Zj e—B(E;—pN;)

where the sum is over all states of the system, E; and N;, are the energy and number of electrons
in state j, and p is the chemical potential. In the present case the system is a single impurity
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with just three states: one with no electrons present which makes no contribution to the energy,
and two with a single electron present of energy €,;. Therefore,

2e—Blea—n) 1

<n> = 1+ 2e—B(ea—k) - %eﬁ(ed—u) +1

If there are Ny impurities per unit volume,

Na

Md = %eﬁ(ecz—u) +1

where ng4 is the number of electrons coming from the impurities.

Remark : What happen at 7= 0 ? At T = 0, the chemical potential is in-between €4
and €., thus, ¢; — p < 0 and so, nd‘T:o = Ng. But, if ¢ — p > kT then ny/Ny < 1,
ng >~ 2Nd675(6d7‘u).

Recall,
[ g(€)
Ne = /e\c d665(67“) T 1
~ e B(EC*“)NC(T)
And so,
E — 2_]\[d 65(Ec*€d) < 1
e Ne T

~

the <isif e, — g < kpT. Thus we get, Ny ~ 106 cm~3 and N, ~ 10 cm~3.

6.1 Thermal equilibrium carrier densities of impure semiconductors

Consider a semiconductor doped with N; donor impurities and N, acceptor impurities per unit
volume. Suppose Ny > N,.
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In thermal equilibrium at temperature T" the electrons will be redistributed among these levels,
but since their total number remains the same, the number of electrons in conduction band or
donor levels, n.+ ng, must exceed its value at T'= 0, N; — N, by precisely the number of empty
levels (i.e., holes), p, + pa, in the valence band and acceptor levels:

nc+nd:Nd_Na+pv+pa

Suppose that

€qg — U > /{ZBT

MU — €q > kBT
nq —Bleq—
24 9 Blea—r) 1
N, e <

Also p, < Ny
An:nc_pv:]\[d_]V’a—i_pa_nalg]V’d_]\]’a

1 1
— 1 _ - _ 2 2
Ne = +2(Nd N,) + 5 \/(Nd N, )? + 4n;
1 1
—_ _ _ _ 2 2
Dy = 2(Nd Na) + 2\/(Nd Na) + 4n;

For a considerable range of carrier concentrations in the extrinsic regime,

nC:Nd—Na
2
ns
~ —— K1
NN, <

Most of electrons are in the conduction band and participate to transport.

Pu

()]

10"

10™
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n-doping N, = 0, if we can neglect p,,
Nne = Nd — Ngq

1
= Na (1 B %eﬁ(ed_ﬂ) + 1)

Nq
1 + 2¢B(u—ca)
— Nce*ﬁ(ﬁcfﬂ)

Thus,

N, = (1 + 2€B(M_5d)> Nce—ﬁ(ﬁc—u)
N e Bleemi) 4 oN e Bleemmhblu—ca) _ N, = ()

Nceﬁ(u—€d)€5(€d—Ec) + 2Nc€2ﬁ(u—6d)eﬁ(6d—6c) —N;=0

We can multiply by e?(¢—<) /2N,

(ePr—e)? 4 % (Pey — 1 sy _ g

2 N,

1/2
u(T) = eq+ kpT'n (%l (—1 + (1 + %65(606‘”) ))

19
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8N, 12
(—1 + (1 + Tc‘ieﬂ(ﬁc—w))

ePlu—ea) —

| =

kgT < €. — €4 imply that

€. 1+ €4 /{BT Nd
uI) ===+ 1“(2]\@)
€.+ €
T =0)=— ‘

u increase with the temperature, since N.(T') ~ T%/? as long as N, remains smaller than N.
When N, > N,; we have u that decrease.

€. —€q < kT < E,, thus,
N,
w(T) =€, — kBTln(Fd)

if kpT ~ E,, then we are in the intrinsic regime.

7 Non-homogeneous semi-conductors (n-p junction)

Trmpwrity density
n-tyee
Ny

p-tyee + + +

Ny - + + +
+ + +

- -+ 4 +

P
A= 0O

Ng; >0 0 >0
Nd($>_{0x<o Na($)_{Na z <0

We assume we are in the extrinsic regime carriers in the conduction band for x > 0 and in the
valence band (x < 0). We assume an abrupt junction

The electric field stops the charge transfer
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enegy
p-tyre n-iyee

V&cuum

%@.@ch

When we make contact,

ke
+
+
S
53 1)
&>

AR A~ - -
UUUl — 1,
a
deplechon layer

The electric field stops the charge transfer.

¢(x) the electrostatic potential. We will mix quantum mechanics (band structure) with classical
mechanics. If ¢(x) varies slowly with =, we can take it (for each x) as a constraint that we add
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to the electron’s energy with the hypothesis of a Maxwell’s distribution,

lec — ep(x) — 4 }
]CBT

[PJ — €+ €¢($)] }
kgT

ne(z) = No(T) exp {—

po(z) = Po(T) exp {_

The potential ¢(z) must be determined self-consistently. Far away on the n-side the density of
conduction band electrons is very nearly equal to the density Ny of donors, while far away on
the p-side the density of valence band holes is very nearly equal to the density NN, of acceptors:

lec — ed(+00) — 4 }
kT

[:u — € + 6¢(_OO)] }
kT

Nd = nc(—l—oo) = Nc(T> exXp {_

Na = pv<—OO) = Pv<T) €xXp {_

Since the entire crystal is in thermal equilibrium, the chemical potential does not vary with
position. In particular, the same value of 1 appears in either of those equations, this immediately
requires that the total potential drop across the junction be given by

NyN,
e(b(—l—oo) - e(b(—oo) = €. — €, + kBTln {m]
That can we written,
NyN,
Ap=FE,+kgTlh | ————
0= B, +inln | i
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~ Amp
E=—

v ) € V%——ﬂ
E=-V¢ ‘

Poisson’s equation (in CGS)

But, what is p(x) ?

p(x) = e(Na(z) = ne(z)) — e(Na(2) — pu())

where e(N4(x) — n.(z)) is the non compensated charge for x > 0.

2
IS
+
J

ne &~ Ny, p(x) =0
0

x> d, — ¢(x)
r < dp — (b(ilj’) ~ ¢<_OO)7 Dy =~ Naa p(CE) ~
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0<z<d, — n.r) =0, eA¢p =~ E, > kpT, p(x) ~ eNy
—d, <z <0—p,(x) =0, p(x) = —eN,
( 0, x> d,,
4meN,
Ll d, d, >z >0,
V2¢ — 47T_p = €
e AreN,
, 0>a2>—d,,
€
L 0, —d, > x.
This immediately integrates to give
( ¢(+00), x> dy,
2meN,
¢<+OO) - ( ™ d) (:C - dn)27 dy > x> 0,
o(x) = )
2weN,
d(—00) + < mz > (x+dy)? 0>x>—d,

L ¢(—00), —d, > x.
Continuity of ¢’ at = 0 implies that
Nad,, = N,d,

which is just the condition that the excess of positive charge on the n-side of the junction be
equal to the excess of negative charge on the p-side. Continuity of ¢ at = 0 requires that

(@) (Nad2 + Nol2) = 6(+00) — p(—00) = A

€

And so,

; (No/Ng)E eAp\ 2
P ( (N, + Ng) 2me )

N,, Ng ~ 10" ~ 10'® ¢cm~ imply that d,, ~ d, ~ 10*> ~ 10* A,

- .
Cas uea:idensttg,
pP-tyee | - type v
oy 4
NN G
Na - - i I S o
() i - - + +
! - = |+ + + ! .z
«—— Depletion 193 ®
~a, A,
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Charge density
4
AL g
+ + +
+ +
. + + + .z
-dp\: . -
SRR )
Psi"ential

$b(1o0)= ¢ (o) + 2%? Ty

I
-dp

—n2C

¢(-00)=4 (o) - 2;"_9- Ny e

\/ Q\QDOQ. bgv;roL\

band.
bendmﬁ/
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8 Einstein relations

where j_'; is the current density and J, is the electrical current.

— —

Jo = —pipn.El — D, Vn,

the first term is the conduction current ’driven by the electric field E and the second one is the
diffusion current (Fick’s law) driven by a gradient of the concentration. This D,, is a diffusion
coefficient. Uniform density,

fe = —efe =oE = eunncﬁ

So the mobility pu,

where o is the conductivity.

For holes we have,
j;z = Pdpva_: — D,Vp,
At equilibrium J_; =0,

.09 CEe—eplx) —p\ o One e 0¢ _Ec—ep(x) —p
pnneE - T = —p, 8ch(T) exp( T =-D, o D, T 8xNC(T) exp T

and so we get,

_eDy,
Hn = knT
And if we do the same for holes we get,
eD,
Mo = T

those two are the well known FEinstein’s relations.

9 Generation and recombination currents

At equilibrium, generation of electron-hole pairs through thermal excitation balanced by the
recombination (under a time 7,.).
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&

8

P -type

&

y)
n-type

:J; geneRation R

—

I rkcombiaghan
ed c’l:

j[£|j[c)

>
T

27

G : minority electrons generated in the p-part, they are taken to the n-part by the field :
Jeeneration - B+ only electrons with energy > e¢ may go to the p part : Jrecombination

The recombination current,

at equilibrium,

Jrecombination
e

Jgeneration _
b5 =

N

Jrecombination
e
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10 Rectification by an np-junction

We polarized the junction by applying a tension V| it is a non-equilibrium situation

,o n

—_ L [x)
VI = +L
Forwrad. bins : V>0 Pz e Lo

]

_|__.F

.

V

np_sa\;ve, l:ins o

N, /N eAg\ M2 v o\ Y2
dp (V) = ((N/Ji[d ;ﬂf) = d,,(V = 0) (1——)

V>0, d(V)<do(V=0), d(V)<dy(V=
V<0, d,(V)>d,(V=0), dp(V)>d,(V=
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11 Some additional devices
Solar cell, an illuminated pn-junction
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In region 1 and 3 there is a diffusion photocurrent.

In region 2 there is a generation photocurrent
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Bipolar transistors (Bardeen,Brattain, Shockley, 1947, Nobel Prize 1956)
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Chapter 2

Magnetism

1 Recall of basic concepts

It all start with Maxwell equation,

V-E = dmp Coulomb
V-B=0 Gauss
- - 10B
VxFE= T Faraday
- - 47 - 10E
V xB= —WJ—i— _5’_ Ampére
c c Ot

in vacuum and with CGS units. The electric field E is in volt.cm™!, the magnetic induction B

in Gauss, the charge density in esu.cm™ (where 1 esu is equal to 3.34 x 107!° C) and the current

density J in esu.s~t.cm =2

We also have Lorentz’s law:
— — ]_ —
F=e (E + U x B)
c

In a continuum media, the charge and the current has charges and currents induced by the fields,
so we get,

p = pPf+ Pind
where py are the free charges and pinq induced charge.

So we can define the electric displacement,
D=F+4xP
where P is the polarisation with V.P= — Pind-
6-526-(5—477]3) zﬁ-ﬁ+47rpind

31
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And so we get,

ﬁ-ﬁ:émpf

vl
1

:Xe

where . is the electric susceptibility.

D= (1+4ry.)E = ¢E

where ¢ is simply the dielectric constant and thus we get,

And we can define the magnetic field,

with M the magnetisation,

So we get,

47

P

- E:—

Epf
J:J_}—i_ji)nd
H=B—-4mM

. - . 0P
Jf"—CVXM—i—E)"‘—

32
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with y,, the magnetic susceptibility.

B=H+47M = (1 + 47xm)H = pnH

where p is the magnetic permeability.

And so if we put all together the equations,

6-5:47rpf
V-B=0
.o 108
VXxE=—-—-"—

c Ot
- - 4r - 18D
VxH=— -
\ % c f c Ot

e Paramagnetism

This mean that > 1, x,, >0, p —1 < 1 and M is parallel to H.

e Diamagnetism

u<1,Xm<0,u—1<<1andMisparalleltoﬁ.

e Ferromagnetism

B=F (FI ). F'is not just a functon of H , it depend on the magnetic history : hysteresis
cycle.

M

“"/
0

-------- Ms

Hc Hs

2 Diamagnetism

We can define diamagnetism as the currents that screen the applied field (Lorentz law)
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2.1 Langevin approach

Langevin idea is a classical treatment of electrons under a magnetic field.

—
v
- e = e i
Fp=—tUxB~—UxH
¢’ ¢’
We have B ~ H because |x,,| < 1. Using w =v/r,
— e N 9
Fy; = ——wr  He, = —mr w”é,
c
eH
Weyclotron =
mc

Larmor’s theorem is telling us that the motion of an electron around the nucleus in a magnetic
field B is, to first order in B the same as without B superposed to a precession of frequency

WLarmor = €B/2me.

Magnetic moment associated with an electric orbit,

2 2772
B 3 _oerjw, e“Hri |
——/drrxJ L—— e 2= g 2
- ev
Tr) = = 3o=8()8(p = 12)2,
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In one atom,
2 2 2 2 2, 4
TL—><TL>:<I>+<9>:§<T>

So we get the magnetic moment induced per atom,

B e?H ( 2)
Min = — E T
6mc? !
electrons

Magnetization per unit volume

- N ne? -
M= —f,=— H 2

electrons

And then we get Larmor susceptibility

electrons

This term is always present. It dominates in the case of insulators with atomic shells completed
(Noble gases, alkaline ions LiT, ions F~). Otherwise other effects dominate.

2.2 Quantum treatment of diamagnetism

- L €2
Pi —> pi + EA(F)

For an uniform field H we can take the symmetric gauge

— -

Fx H H=VxA

<
N}
I
o

A=—

N | —

H:LZ@—%@ Xﬁ>2+zv(”)+90%3}1255

2mi

h
g = N 0.927 x 107 erg.Gauss

~ 2
2me go

2

_ Pi A BBT Hy & g2 2 42 MBS i
H_Z(2m+v(rz)>+ hL H+8mc2H Z($Z+y’)+go h H

7 7
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Using

~

7

Yk s-xs
If |H| is small, perturbation theory yields

1B KB | (n| H - ( L+QO§)|n/H
AE, = - H- (n| L+ goS|n) + ( > %;n R 8m02 n|Zx + ) |n)

The linear term is dominant except when it vanishes (when all shells are filled). For low tem-
peratures, only the ground state is populated,

OF, N e¢*H
S At v A UDBEA )

Which is the same as the previous derivation.

- ‘X'm,_ (45Gcm3.mul4 )
4

, \ | p 2<xn*> CA)

3 Paramagnetism

We can divide in two cases,

1. Insulators having atoms/ions with partially filled shells.
2. Metals : Pauli’s paramagnetism.
In the first case, we have a magnetic moment i (Hund’s rules).

SCHEMA

Potential energy,

Epot = —/JE = —uBcosl
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o BB (p, &\ _ I ~
fim L2 (L+ goS) = —E2g(L,5.0)]

This equality is made using Weigner-Eckart’s theorem. For gy = 2, we have Landé resulsts in
J(J+1)+S5(S+1)—L(L+1)

L =1

3.1 Classical treatment

Average orientation at thermodynamical equilibrium

g — [ cos Qert cos0/ksT qQ)
<COS > - f@MHCOSG/kBTdQ

We can rewrite d{2 = dysin 6d6.

[ cos fert cos0/ksT qQ) B o d cos 0 sin ferH cos0/ksT B fjll dzzerHz/ksT B th( MH> _ kgT

feuHCOSG/kBTdQ - f(]ﬁ d6 sin HerH cos0/kpT - f+1 dzertz/ksT -
-1

where L£(x) = coth(z) — 1/2 is Langevin’s function.
SCHEMA
There is two regimes.

Regime 1 is when uH < kgT,

L(z) = % +O(2%)
2
o _wH
(i) = pfcosb) = SEaT
The susceptibility,
(@) _ ny* _C

Xm =g = 3kpT T

Which is Curie’s law with C Curie’s constant.
Regime 2 is when uB > kgT', on this regime, £(x) — 1, saturation.
Msaturation =np

Value’s estimations,

h
W~ g = 0.6 %1078 6V.Gauss ™!
2mec

At room temperature, meaning T' = 300 K, we thus get kgT ~ 26 meV.
For B =1 T= 10* Gauss, we thus have pp = 60 meV which is greater than kT
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3.2 Quantum treatment

J2|j,m) = 12j(5 + 1) i, m) J.|g.m) = han |j,m)
withm = —j,—j+4+1,--- ;7 — 1,7, there is 25 + 1 levels.

Epot = _ﬁ é = MBgmB

J
7 = e BF — E e PrpgmH
m=—j
2j
— ePuBgJH § e~ Pupgm'H

m/=0

— ePuBgJH (1 - e—ﬂu39(2j+1)H)
1 — e—BupgH
oBrBgH(+1/2) _ o—BupgH(j+1/2)
oBupgl/2 _ o—BupgH/2
_ sinh((j +1/2)gBupH)

sinh(BgugH/2)
Remark : with |a] <1,
EN:an _ 1 — N+l
:  l-a
=0

We know the expression of the magnetization of N ions in a volume V,

~ NOF n (0lmZ\ upgJ H
M= Va_H_ﬁ(aH)_n“Bg‘]B‘]( )

where the Brillouin function Bj(z) is defined by

By(z) = 2/ + 1 coth <2J i 13:) _ L coth <Lx>

2J 2J
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Bylx)

4.0

0.8

0.6

04

0.2

0.0

For J > 1 we recover the Langevin function with 4 = ppgJ. The small x region is the high-
temperature regime : ugH < kgT,

1
cothy ~ —

<

for y < 1. And so we get

And thus,

J+1upgJH _n(guB)2 J(J—I—l)H
3 kgT 3 kgT

M ~nugg

And if we calculate the magnetic susceptibility,

_ oM _ (gpp)J(J+1) 1
Xm =g =" 3 T kT T

Which is Curie’s law.

The second regime is for larger x, meaning ugH > kgT', we have saturation :

M =nppgJ = nu

3.3 Pauli’s paramagnetism (metals)

A metal is an electron gas. An electron gas has some features, each electron carry a spin s = 1/2,
we know that they are non-localized, they are correlated by Pauli’s exclusion principle. We define
n4 the number of electrons per unit volume with spin parallel (+) or antiparallel (—) to the
applied field H.The magnetization density will be

M = —pp(ny —n-)
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Electron’s energy is its kinetic energy plus the Zeeman energy : if the electrons interact with
the field only through their magnetic moments, then the only effect of the field is to shift the
energy of each electronic level by +ugH,

h2k?

g:l: = om ZE/LBH:(E’(O):l:LLBH

Feld H

v

/o 7y

"% < "%
Without H,
9-(€) = 50"(€)
With H,
9.() = 39 — nsH)
g-(&) = %9(0)(5 + ppH)

The number of electrons per unit volume ofeach spin species is given by

where f is the Fermi function

1
F&) = eBE—n) 4+ 1

pupH < Ep, it holds even for H ~ 1 T.

1 1 ,
g &) F upHd (€)

1
= —¢© H)~ -
9+(€) 29 (€ FupH) 9 5

1

ni=§/¢%aﬂ¢k¢;mﬂfywvwms
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M= 2 H / AE4 () () = — 2 H / AE9(E)f'(E)

for a degenerate electron gas, f'(€ ~ —0(€ — EF),

M = % Hg (Ep)

Pauli susceptibility,

auli mk a2
X7 = 190 (Er) = s hz;; - <%> (aokr)

with o = €2/hc = 1/137 the fine structure constant and ag = h?/mc® = 0.52 A, the Bohr radius.

xFaull is relatively independent on temperature. It is much weaker than the Curie susceptibility
of ions.

3.4 Diamagnetism of conduction electrons (Landau)

1 , 2 :
XLandau — _gXPauh N Xtotal — gXPauh

4 Magnetic interactions

Without pre-existing magnetic moment (diamagnetism). With pre-existing magnetic moment
(paramagnetism both localized and itinerant). Without interactions

-

\-—-

—

o S
— — e e
— S o g —t

fp
\ Vgl
- N A
SSE =
7 N < X

) e p— R e

In the left case, the magnetic moments are not oriented without external field : thermal fluc-
tuations. In the middle case, it is with interactions that favor parallel spins (ferromagnetic
coupling).
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Before explaining bow magnetic interactions can arise from purely electrostatic couplings, we
estimate the direct dipolar interaction energy of two magnetic dipoles m; and ms, separated by

—

T
1 — — — A~ — A
U= ﬁ[ml-mQ —B(ml-'r‘)(mg-r)]

Atomic magnetic dipole moments have a magnitude m; ~ my =~ gup ~ ehi/mc. Hence the size
of U (ignoring its angular dependence) will be

U ) (h_) @)32_2 ~ g (2) R

In a magnetic solid, moments are typically about 2 Aapart, and hence U is no more than 104
eV. This is minute compared with electrostatic energy differences between atomic states, which
are typically a fraction of an electron volt.

4.1 Exchange interaction

To illustrate how the Pauli principle can lead to magnetic effects even when there are no spin-
dependent terms in the Hamiltonian, we consider a two-electron system with, a spin-independent
Hamiltonian.

Because H does not depend on spin, the general stationary state ¥ will be the product of a
purely orbital stationary state whose wave function (7, 75) satisfies the orbital Schrodinger
equation,

2
H = 5 (V34 V3 + V(7 ) = By

with any linear combination of the four spin states

), T, 1) ) -

We can choose these linear combinations to have definite values of the total spin S, and its
component S, along an axis. The appropriate linear combinations can be tabulated as follows

State S| S, | type
TD ) [ 0] 0 | singlet
IT1) 1] 1 | triplet
ZT) +N) | 1] 0 | triplet
44 1| —1 | triplet

The difference in energy for the Coulomb interaction (that do not depend on spin),

w*(rla 7"2)1#(7“17 7’2)

71— 72

AFE ~ 62/(317“1 dTQ
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43

If v is symmetric, then AFE is large, but, if ¢ is antisymmetric, AE is smaller. So the orbital

part want to be antisymmetric.

. . 1
AEsmglet7 triplet __ J— _(1 + 5-‘1 . 5—’2)[

4.1.1 Effective Hamiltonians

2

2 2

p h 2
Hy = —V
ff 2m* 2m*

where m* is the effective mass. Heisenberg Hamiltonian,

Hspin = —2 Z ”TSZ N Sj
(i7)

hange)
(e
%)

Magnetic anisotropy : preferred orientation axis (due to the crystal lattice)

Ising model,

5 Molecular field (mean field), Pierre Weiss 1907

Hspin —

I(exchange)

— —

H'e = — " 1;878:
(ig)

with 2z the coordination number and

duB 3

="

is the exchange constant, (ij) are the nearest neighbors.
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We can write a new field,

with the molecular field constant

For J =1/2,
Bj(z) = tanh(x)

We make the external field H = 0 and thus, z = SupyM

M = nugtanh(z) = ﬁljBW — ﬁ% = tanh(x) a=zI

x = 0 is always a solution,

Ba<loT>T, =2
kp

This is the paramagnetic phase.

Boz>1—>T<Tc:g
kp

Two extra solutions, this is the ferromagnetic phase.

Ba=1-T=T,=—

kp
Phase transition.
Let’s make an expansion for T' ~ T, thus xq < 1,
3
x x
— =tanh(z) >z — —

For x # 0,

1 T
x3—3<1—6—a)—3(1—f)—%(Tc—T) T <T.

44
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Thus,
M o (T, — T)", B=1/2
where [ is a critical exponent and M is an order parameter.

If now we take H # 0 but very small,

M 1
= = 2 —tanh(z +aH) =~ (x + aH) — S+ aH)?

npp  Pa
x(ﬁ%—l):aH

_upyM  aH _ aHT,
 kgT  1/Ba—1 T —T.

Curie-Weiss law

6 Stoner - Wohlfarth model for itinerant ferromagnetism

3(8)

Without interactions,

g1e) = 59(9

At T =0and H =0,
nT:T@

With exchange interactions, there is two effects (which compete),
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i) Exchange energy, that favors parallel spins,

ii) The single-particle energy favors an alternate in the occupation.

on = %g(o)(ep)ée
5By = ond on’ AN M = pug( ) = 20
= onde = =|— = ny —ny) = n
” gO(er)f2~ \us) 209(cr) S

M 2
0 =0FE,+0E,=|— | ————
o (MB) 2919 (er) (
if 0F > 0, the paramagnetic state is stable, otherwise, if 0E < 0 the paramgnetic state is
unstable.

1— Ig(o)(eF))

Stoner criterion, if 7¢(® (ez) > 1 we have ferromagnetism.

We need ¢g(¥)(ep) large : d bands, I large : important overlap of the wavefunctions. These are
typical of transition metals : Fe, Co, Ni.

Mott-Slater model : the effect of the exchange interaction is that of a uniform magnetic field
H,, (< M)
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7 Antiferromagnetism and ferrimagnetism

I > 0 the anti alignment of spins is favored : there is two sub lattices A and B

\
1

Y

v

With T the Néel temperature below it, we have order, but M, = —Mp # 0.

Ferrimagnetic order is when the two sublattices have different magnetization M, # —Mp :

47
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EEERRREN

M = M+ Mg #0

8 Magnetic domains

For Fe, T, > 1000° K,

b Setaban

> Y
/HC: etcive field

Energy of the dipole interaction 1/r3. Exchange energy, stronger but falls exponentially with r.
Magnetic energy,

Remonnent m?d"sakfv\

\ r\zwlu
e/

1 -
Emag = 2—C/BZdT

'l
$ B Py P
o/
- _
g b o b
Ecazck ? Cench f

Anisotropy energy is the tendency to have the magnetization along a favorable crystal axis.

Domain wall,
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SCHEMA46

The abrupt change is penalized by the exchange energy. The very smooth change is penalized
by the anisotropy energy. A results from the balance in between the exchange and anisotropy
energies.

Bloch domain wall : the rotation of the magnetization is in a plane perpendicular to the spins
of the two domains

SCHEMA47



Chapter 3

Superconductivity

1 Phenomenology

SCHEMAA48

H.K. Onnes 1911 (Leiden). Vanishing resistivity below 4.2 K for Hg. The phenomenon is found
in many elements, alloys.

107 Q limit in 1911.

SCHEMA49

The specific heat has a discontinuity at T" = T,
SCHEMAS50

Cn=Cp, +C, =T + pT*

Phonons

C. ~ e—A/kBT
s

Meissnes-Ochsenfeld effect (1933) ; perfect diamagnetism exclusion of the magnetic field below
1.

50
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T>Te T<Tc

SCHEMASb2

2 London equations (F. and H. London 1935)

Recall : electrodynamics in a normal metal

S o . . 10B
V-E=14 VxE=--"2
P % c Ot
I _ - 47 - 10E
V-B=0 Vx By LOE
c c Ot

> ~ o0 ner
J=0oF o(w) = : oy =

1 —iwr m

We consider all temporal dependences e~**, continuity equation,

o1
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And then the dielectric constant,
. . 2
) =1 Ty g AT wpry W
w mw(l — iwT) w2(14i/wT)

With the plasma frequency,

,  4dmne?
w. =
P m
2
w
e(w)~1-— w—g

WwLwy, —e<0,w>w, —€>0

ﬁx(ﬁxﬁ):—ﬁQE:Zwﬁxézg(@_E)E
c c

V2E = -2 (1 + zﬂ) E=-"ewkE

¢(w) > 0, propagative solution (w > w,). €(w) < 0, exponentially damped solutions (w < wy).

Perfect conductor 7 — +o0

() = oo ineT i
4 S 1l—dwr wr m wA
m
A:
nge>
- Qo4 : .
J—JEHJ——ZMJ—X
Y N
E=—(AJ
at( )

Which is the first London equation

Alternative derivation. Ballistic motion of electrons

mv = —eF — J = —en 0
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5 o oeng = 1o
— —en. = SE=_FE
J en g - A
- . 0~ - 10B 0, = o

In order to obtain the Meissner effect, we must impose that the integration constant vanishes,
meaning that

B =—cV x (AJ)
Which is the second London equation.

So, the London equations,

E:%mﬂ B = —e¥ x (M) A=

Ampere’s law,

VxB=T]
c
- - - dr - - T
B)=-V’B=—-VxJ=—-——"B
V x (V x B) LV 2A
Thus we get the differential equation,
47 4
‘B=—2B 2= —
v Ac? v/ Ac?
SCHEMAS52
0B, 4 B z
5t = Rl — B9 = Brew(5)
With

AC2 1/2 mc2 1/2
)\ = —_— —
( A ) (47m562)
the penetration depth ~ 260 A.
0*J, Arm z

57 = g — o) = Sew(=3)
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3 BCS Theory (Bardeen, Cooper, Schrieffer, 1957)

Isotope effect : T, varies if we change the isotope, this means that electron-phonon coupling is
relevant.

We have an attractive interaction between electrons close to the Fermi energy.
SCHEMAS53

The first electron polarizes the lattice, and can attract a second electron : it is a retard interac-
tion.

SCHEMAbH4

vp ~ 10% em/s, 27 /wp ~ 10713 5. The distance between the two electrons that attract themselves
~ 1000 A.

In presence of a Fermi sea, the attractive interaction leads to Cooper pairs (a bound state).
SCHEMAS55

The two electrons interact only among them, they are excluded from the Fermi

2
—h—(v2 + V2)¢(T1>T2) + V(Tb 7”2) = E¢(T17T2) = (6 + 26%)¢(T1>T2)

TABLEAU
7“177’2 ZQE e kF 7"1,7”2 —>Zg COS( 7"1—7”2)>¢s1ng1et(7"1,7”2)

The spin part ¢ is a singlet, meaning a symmetric orbital wavefunction.

h2k?
(e = 2ex)g(k) = > Viwg(K), =5 - €p
K >k

1 - .
ka/ = 5 /dTV(T)GZ(k k)T

Describes the scattering of a pair of electrons (k, —k) to (k', —k'). The simplification (Cooper
1956),

—V for 0 < €y €kt < th
Vi = .
0 otherwise

vk =—€_V2€k S o) — S gt — Y E_VQEk Z oK) — . = Z —
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<=

3 1 D(h) /"WD de _D(e%)ln 2hwp — €\
2 —e 2 0o 2e—¢ 4 —€ N

k>kp

With D(€%.) the density of states at the Fermi level per spin.
F

2hwp - 4
= ~ — X -
‘T 1 exp(d/VD(Y) DEP\ TV D)

The ~ comes from weak coupling (in general VD(e%) < 0.6). € < 0! it exists a bound state
(with respect to €g). The theory is not analytic in V' !
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