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Exercise 1 : Paramagnetism (quantum approach)

We consider a system of N atoms, each of which has a total angular momentum J=5+ f/, in
units of A, with an absolute square value J* = J (J+1), where J is the quantum number of the
total angular momentum. The magnetic moment of the atom n is i, = —gu 5, where g is the
Landé factor of the considered atoms.

a) Write the Hamiltonian describing the Zeeman energy of the atoms with an applied ma-
gnetic field B parallel to the z-axis for a N-atom system. Specify the possible values J;; of
the projection of the angular momentum J of atom n on the z-axis.

fi; = —gppJ;
Thus,
H.=gup» B-J;
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Thus,

b) The atoms are supposed to be independent. Write the partition function Z of the sys-
tem. Show that it can be expressed as a function of the ratio of two hyperbolic sines

sinh A;/sinh Ay, and determine A; and As.
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¢) The free energy of the system is ' = —kgT In(Z). We denote E; the energy of the N-atom
system in a microscopic state [. In this state, each atom n has a magnetic moment /i’ .
Express E; as a function of the applied magnetic field B and the total magnetic moment
m; of the system, and show that the mean value of the magnetic moment is given by

(m) = —OF/dB.

d) Show that the magnetization M defined as the mean magnetic moment per unit volume
can be expressed as M = D x B;(X), where

2 1 2 1 1 1
B;(X) = J;J_ coth[ J;J_ X] — — coth [—X}

denotes the Brillouin function. Determine D and X.




Let’s assume x = BgugB,

9z _ Bgpup(j+ 1) cosh(x(j + 1/2)) sinh(x/2) — 5B8gpup sinh(x(j + 1/2)) cosh(x/2)
oB sinh(z/2)?

Let’s assume X = jBgugpB,

M = ngugp {(] +1/2)coth(z(j + 1)) — %coth(a:/2)]

i+ 1 X(j+1/2 1
= ngupJj {‘7 j; 2 coth(#) T coth(X/Zj)]

= D x By(X)

D =ngppj

e) Deduce the value of the high-temperature susceptibility when X < 1. Is the system para-
magnetic 7
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For X > 1,
M =ngupj = np

Yes the system is paramagnetic.



Exercise 2 : Landau levels

We study a two-dimensional electron gas in an external magnetic field B = Bé, oriented along
the z-axis. We do not take into account the spin, and consider electrons as particles with charge
—e and mass m.

a)

Write the classical equation of motion for an electron in the z—y plane and show that the
solutions are circular orbits. Calculate the angular velocity w, (the cyclotron frequency)
and the radius r. of the classical motion in these orbits.

Cyclotron frequency

eB
We = —
m
Radius,
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We

Use the Landau gauge A = A,&, for the vector potential. Determine A, and write the
time-independent Schrédinger equation for an electron in the x~y plane.

A= 0
0
And thus,
1 /. N2

Use the product ansatz ¢, x(z,y) = gp%k)(y)eikx to relate the Schrodinger equation to the

harmonic oscillator problem. Express 307(1’{) (y) in terms of shifted harmonic oscillator ei-
genfunctions. Show that the corresponding energy levels are given by €, = hw.(n + 1/2)
and independent of k. Such levels are called Landau levels. What is the group velocity

corresponding to the plane-wave component in x-direction ?

Product Ansatz,
U(w,y) = ™ol (y)
And thus,
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Which is simply an harmonic oscillator shifted in the y direction, centered on y = vy, with
the energies,

Group velocity,
10F
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So, an electron in one of these states will not move.

Consider a rectangular system of size L, x L, with periodic boundary conditions. Discuss
the allowed values for k and calculate the degeneracy of the Landau levels as a function of
the cyclotron frequency. Give a physical interpretation of the degeneracy.
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grr, = the number of n, = eBL, x L,/h = mw.L, X L,/h.
This degeneracy is the same for all the levels.

Calculate the magnetic flux through the system and express it in units of the flux quantum
¢o = h/e. Comment the result in the context of the degeneracy of the Landau levels.

Each state correspond to a value of flux quantum.

Compare the average density of states to the density of states in the absence of a magnetic
field.
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Which is exactly the density of states of 2D.



Exercise 3 : Landau diamagnetism

We now consider electrons in three dimensions in an external magnetic field B = BE€, oriented
along the z-axis, and continue to ignore the spin degree of freedom.
a) Extend the product ansatz of Exercise 2 towards the three-dimensional case in a large
rectangular cuboid of size L, x L, x L, and show that, when B # 0, the energy of an
electron depends on the quantum number n and on the wave-number in z-direction k, as

1 n*k?
k. = Hwe P z,
€nk. (n+ 2) + om

where w, = eB/m is the cyclotron frequency. Discuss the result.
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b) The problem will be treated within the grand canonical ensemble. Write the grand partition
function Z = > exp[(uN — E)/kgT] as a sum over many-body microstates characterized
by the total particle number N and energy E. Show that in the case of non-interacting
fermions one can write the grand potential {2 = —kgT'In Z in the form

0= _k;BTZ In 1+ e(u—es>/kBT]

as a sum over one-body states s.

Z=> exp(B(uN — E))

Q= —kgTIn(Z)

= —kgTIn Zexp (ﬁ(,uzns — ngns))

{ns} s s
= —kBTZln (1 + eﬁ(“_es))



c) Write the grand potential as sum over the Landau level index n and the momentum in
z-direction p,. Replace the sum over p, by an integral and show that {2 can be written as

QO = hwe Y f(p— hweln +1/2])

Determine the function f(x).
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d) Apply the variant of the Euler-MacLaurin formula

gF(n—i— 1/2) ~ /Oood:cF(:c) —1—2—14F’(0)

to the sum over n. In which limit is this formula a good approximation? Show that the
result can be expressed as

(we)? 02 (1)

with €2y the grand potential in the absence of a magnetic field.

This is a good approximation when fhw. < 1 so it’s a small magnetic field or high
temperature limit.

F(x) = f(p — hwer)
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So there is no dependence on the magnetic field for Qq(u).
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e) Use the result for Q to relate the magnetic susceptibility per volume x = —%% to

the density of states at the chemical potential p(u). Show that the resulting Landau sus-
ceptibility for electrons with spin corresponds to diamagnetic behavior and is given by
XLandau = —XPauli/3, Where Xpaui = poptsp(p) is the paramagnetic Pauli susceptibility
(which is due to the spins of the electrons).
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And so,
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