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Exercise 1 : Crystalline anisotropy energy

Iron crystals have cubic symmetry. The directions of easy magnetization of an iron crystal are
the crystalline directions [100], [010], and [001]. We denote «, 8, and 7 the directional cosines of
the magnetization with respect to these directions (the directional cosine of a vector is the cosine
of the angle between the vector and the direction). The energy density of crystalline anisotropy
is expanded in a power series of these cosines as

W(OZ, ﬂa 7) = Z Ap,q,rapﬂq’yra
p’q77‘

where the sum is running over integers p,q,r > 0. In the case of iron, the crystal symmetry
allows to simplify the general expression.

It is equivalent to
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a) Why do we have A, ,,—o when at least one of the powers p,q,r is odd ?

If we reverse the axis (7), it doesn’t change the physics. We keep only terms with p, ¢, r
even.

b) Explain why the expansion of W can be written without terms of order 2 (terms with
ptq+r=2)

W(z) _ A200a2+A02052+A00272 = A, (Oé2+ﬁ2—|—’)/2> = A,
N———
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c¢) List all possible terms of order 4. How do they group together ? Show, by considering the
square of o? + 5% + ~2, that these terms can be written as the sum of a constant and a
sum of terms in which only squares of cosines appear.

W®W = Ay0a?B? + Aggaa®y? 4 AgeaB2y? + Asgoa® + Aggot + Agosy
= AQQ(OéQﬂQ + 062’}/2 -+ 5272) —+ A4(Oé4 + 64 + ’}/4)
L+ (o + 8% +79%)" = o' + B + 9" + 2276 + 20%9% + 267
Thus,
(]./4 +64 _{_74 —1— 2a262 o 20(2,}/2 _ 25272

W = (A — 244) (0?8 + &7 + 29°) + Ay



d) Show that the expansion of W including the terms of order < 6 can be written in the form

W(a, B,7) = Ko+ K1(a®° + 82y + v2a?) + Ka? 8742,

W(G) _ A@(OéG + 56 _‘_76) + A42(Oé452 + 04254 + (I4’Y2 _'_740[2 + 54,}/2 +ﬁ2’74) +A222a25272
= As(a® + 5% +7°) + Ap(a’(1 = a®) + 811 = B7) + 7' (1 = 7%)) + Aga®5%?
= (Ag — Ap)(a® + 8%+ %) + 1442(044 + 8+ ’74) + Aggpa® 377

1= (052+62+’)/2)3
=af + B854+ +3a*8% + 3a?B* + 3a*y? + 3oyt + 38%2 + 3829t + 602322
= —2(a” + ° +1°) + 3(a’ + B +7") + 60?7
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= 5(1442 — AG) + 5(3146 — A42)(Oé4 + 54 -+ ’74) + (3(A6 — A42) + AQQQ)O(QBQ’)/Q

1
w® = §(A42 — Ag) + 5(As — As) (@' + B +7") + 3(As — Ap)a®F27? + A’ + 5" +47) + Agma’

1 1
= 5(1442 — Ag) + 5(3146 — Ap)(1 - 207 % — 2%y — 2042’72) + (346 — 3442 + A222)042ﬁ272
= A6 — (3A6 — A42)(06252 —+ 52")/2 + 062")/2) -+ (3A6 — 3A42 —+ AQQQ)Q’QﬂQ’)/Z
Koy=Ao+As+ Ay +A¢ Ky =Ap — 24, — 346+ Ay Ko =3A6 — 3A4 + Ao

e) Consider the case when the magnetization is in the plane perpendicular to the direction
[001], and at the angle ¢ with the direction [100]. Express the energy density W(yp) as a
function of ¢ and the coefficients K, and Kj.

v=0, a = CoS @, B = cos(m/2 — ) = sin(p)

K
W () = Ko + K1 cos® gsin® = Ko+ = sin(2¢)

w/te|

k0+ .E"_ I

Y /
Ko




Exercise 2 : Bloch domain walls

We consider a monocrystalline ferromagnetic bar of length L, and of section A. It is assumed
that the iron lattice is simple cubic, with lattice constant a. The crystalline anisotropy energy is
described as in exercice 1. The ferromagnetic exchange interaction energy between two magnetic
moments /i; and ji; on nearest neighbor sites is assumed to be —Jcos;; , with J > 0 and 0;;
the angle between the magnetic moments. The exchange energy between sites of larger distance
is neglected.

a) What is the density of atoms per unit area in a crystalline plane perpendicular to the [010]
direction ? How many iron atoms are in such a section of area A7

Because there is one atom in a square of a® area.

A
2D 2D
N =Axn :E

b) Magnetized at saturation in the direction [001], the bar forms a magnetic monodomain.
Calculate the crystalline anisotropy energy and the exchange energy of the single crystal,
and give the total magnetic energy U; of the bar in the monodomain state.
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K _
Boi =V (KO + Tl sin2(2g0)) = K,V
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6 LA 3LA
3d _
= N e Eexchange = —5? = a3

And thus,

3LA
Etot = K()V - _3J
a



¢) The iron bar now comprises two magnetic domains whose magnetizations are opposite and
saturated. Write the magnetic energy Us of the bar in the form U, = U; + AU and give
the expression of AU.

There is a 2 because we go from —J to +.J, hence a 2J difference.

Us = Uy + cost of the interface

3 24
Us = (KO — —3J> LA+=J
a a

d) We now have a Bloch domain wall of thickness [ between the magnetic domains of opposite
saturated magnetization. In the Bloch wall, the magnetization stays in the plane perpen-
dicular to [010], and rotates by a constant angle when moving from a crystal plane to the
next one in the [010]-direction. From = = xy — /2 to © = x¢ + [/2, the magnetization
rotates pro- gressively by the total angle m. Show that, when [ > a, the energy of the bar

can be written as
3J Kl  x%J
Upw = | Koy — — | AL — 4+ — | A.
bW (0 a3) +(8+2aL>
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Anisotropy, let’s take a slice di,
dV = Adl

K
dUani = Wani(()O)dV Wani - KO + Il Sin2(gp)

Thus,
And so by integration,

But,

And so,
L K
Uini = / dp—A (Kg 4 2 sin2(2go))
0 T 4

K Al
7

K Al
47

Uani = AK()Z + / d(,D sin2(2gp)
0

/07r dgp% (1 —cos(2¢p))

P
=m/2

= AK,l +

KAl

= AK,l +

()

If [ increases, the more slices there is where the magnetic moment is not along an easy
axis. So U,y increases also, thus costing energy.

Exchange,

A(]ex = —Jcos 91] Uex = — Z J cos QU
,J

But, how many layers in a length {7 [/a. For one layer to another,

™

Hij =

number of layers



Thus,

And so,
Al ma
AUqy = e} [—J Ccos (?l> + JCOS(O)}
there is cos(0) because we start with i, = 0. We have [ > 1, thus
2 92

<7T(l> ~1 T™™a
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So,

Uex = a3 212 2al

If [ increases, then the energy is decreasing. The exchange prefer smoothness. Anisotropy
prefers short domain wall as there are preferred axis.

2.2 2
_AZJ(1 ma _1>_AJ7T

So in total,
UDW = Uex + AU:';lni + Ul
Where we don’t take the Ky term in AU,y;.
Jr? Kyl
_ A B
Upw = U + (2al 3 )

Be careful, just the difference with U; matters.

Determine the thickness [ of the Bloch domain wall that can be expected in such a bar,
and deduce the energy difference 0U = Upw — U;.

We look for a minimum of Upw

dUpw
dl

K 2
:0<:>A(—1—JL):0

- 8  a(l")?

"= S 27?“i
N CLKl N ak1

For exchange, J is big and thus we get a long wall. For anisotropy we have large K; and
thus small wall. Coherent behavior.

Using the values K, =4 x 10* Jm™3,J =2 x 1072 J and a = 2.9 ,calculate the thickness
of the wall and the energies per unit area AU/A and §U/A. Discuss the result.

And thus,

10-7

and a ~ 2.9 A. Still short compared to structure sizes.



