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EXERCISE I : Introduction to time-dependent perturbation
theory

We assume a physical system described by a time-independent Hamiltonian Hy with eigenstates
lon) and eigenvalues E,,. The system is then subjected to a perturbation V(¢t) for 0 < ¢t < 7.

The wavefunction describing the state of the system at time ¢ can be written as a function of
the eigenstates of Hy according to :
= > baB)e " )
n

this ansatz is sometimes called the “method of variation of constants” introduced by Dirac for
time-dependent perturbation theory.

1. Write the system of differential equations for the coefficients b,,(t).

Let’s write,
Cn(t) = by (t)e Ent/h

So, we can write,

= cr(t) |n)

k

We can write time-dependent Schrodinger’s equation,
d
3 | Y(O) = H()[(t)
ZFLZ —ck ) lpr) = ch t) |¢k)

We can perform a pre-multiplication by (¢,|, and then we know that (¢, |or) = dnk,

sonzﬁZ—ck ) lw) = sonlzck t) |x)

%%@:_% c(t) (oul HE) |0k)
:_% ek () [(on] Ho lox) + (nl V | o8)]

E nCn(t hZCk ) {@nl V' lipr)

And now we can perform the substitution from ¢, (t) to b,(t),
Left-hand-side gives us

d _d —iEnt/h
Zealt) = 2 0a(®)e

b () !



right—hand—side gives us
E et hch oul Vo) = _hE bu(t)e 01" th Je B (o V o)

Meaning we get,

d i i 3
Sba(t) = =2 37 bylt)e B EI |V |5y)
k
i . E,—F

Where V,,() is a matrix element.

. Describe the time evolution of the system for ¢ < 0.
For t < 0,

V(t<0)=0
Using the equation for En(t), it gives us,
—b,(t) =0

meaning b, (t) for t < 0 is a constant.

. For 0 <t < 7, express the solution for b, () using first order time-dependent perturbation
theory (by iteration).

We can now iteratively plug this expression of b, () in the bg(¢') expression, meaning at
first order it will be

ba(t) = by (0) — %Z /0 Aty Vi (1)€< by (0)



At second order it would be,

t1 )
bn( = n h2 ZZ/ / dtldtQVnk tl an(tQ)eZ(wmhfwmtz)bl(0)

4. Write an expression for the probability ng for the system to be in the state |pf) after
the perturbation (¢ > 7) if it was initially in the state |p;) for ¢ <0 (i # f).

Pisg = | | W(t > 7)) |?

b Z et (| Vo)

k

if oy is an eigenstate of V|

(| V |or) = Vo

Meaning,
l l
bn — __bn iWnnt — __bn
L (DY = — b ()Y
Meaning,
bn(t) = by(0)e V4"
And so,

V27 =D balm)e o)
And we know that

bu(r) 2 a(0) — + 37 /O Aty Vi (1) €11 by (0)
k
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Remark : it does looks like a Fourrier transform of the perturbation.
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EXERCISE 1II : A sudden perturbation with constant ampli-
tude

As a specific example we now consider a constant amplitude perturbation V(¢) = Vj that is
suddenly applied at ¢ = 0 and switched off again at ¢t = 7.

1. Calculate the probability Pi(izf as a function of wy; = (Ey — E;)/h. We assume that
Vir = Vi = (of| Vo lgi) # 0 and Viy =V; = 0.

Vyil? ?

731'—>f - 72 @ (€iwﬁ7— — 1)
V2 QpiwsiT/2 piwpiT/2 _ p=iwpiT/2 |
h? Wy 21
_ T |Vi]? |sin(wy7/2) ‘2
h? wgT/2
= % |sinc(wfi7/2)|2

We know that the sinc is the Fourier transform of the rectangular pulse.

2. Suppose H{) = Hy + Vj (independent of time) and we denote |¢/,) and E! the cigenstates
and eigenenergies of H|. For 0 < t < 7, the state vector |¥(¢)) of the system can be
decomposed in this basis according to :

() =D o) )

(a) Show that the coefficients b/,(¢) are time-independent (for 0 < ¢ < 7). Express these
coeflicients as a function of |¥(t = 0).

!

d ,
S(D) =~ H (D)

d e nli ) ; ) 3
5 | 0] B ) L B e T — -2 Y B e

Meaning that,

d/ —iELt/h ) 1\
S [ahin] e =0



Which is true for

d,
0,1 =0

[Tt =0)) =D Hlen) =D biler)
k 2
This is equivalent to a change of basis. We can apply (¢ |,

(Gl D U lei) = (@l D bilon)
k k

Which we can write,
by, = Z (pnlen) e = chkbk
k k

This does represent the state in a different basis.
Because b/, is time-independant, we can write

lor) = > 1, (0)e g )

(b) Express the probability P,_,s of finding the system in the state |¢y) for ¢ > 7 | in
terms of |¢;), |¢f), |¢),) and E!. Assume the system was in the state |p;), (i # f) for
t <0.

Pisr = | (s 10(1)) [*
= | (s D 0, (0)e ) 2

= (sl DD (@hlon) drie™ Pt 1) 2
n k
= [{os| > {@hlpi) et gl ) |2

=D (@ lpi) e E M (o p |0l |

We do not have an expression for the |¢/) so we can’t perform the calculation now.

3. Evaluate P;_,s using first order time-independent perturbation theory. Start by writing
down the eigenstates and eigenvalues of H|, assuming that the matrix elements of V; are
small compared to the (non-degenerate) energy level differences of HO. How does your re-
sult compare with the result obtained in question I11.17



Vi
I n
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E, = FE,+ Vu,
Where
Vien = (0| Vo lpn) Von = diaognal element
an
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Vi y Vi
el Zn: E, — E; E, — E;

2
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It is the same result as we found before.




