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1 The Blume—Capel model [14 points]

The Blume-Capel model describes a magnetic material with some nonmagnetic vacancies. Let
us consider a lattice [we denote by N (> 1) the number of lattice sites and by z the number
of nearest neighbors| of spins S; that can take the values —1, 0 and +1. A spin 0 corresponds
to a vacancy (nonmagnetic impurity or empty site) and spins +1 or —1 correspond to the two
different orientations of the magnetic species. We assume that the Hamiltonian of the system in
presence of an homogeneous magnetic field h is given by

N N
H=—J) SiSi+AY S]—h>_ S5 (1.1)
(i,5) i=1 i=1

where J > 0 is the exchange interaction and where A is a constant that can be either negative
or positive. In the Hamiltonian above, (i, j) denotes a summation over nearest neighbors.

1.1 General discussion

(a) Justify that —A is the energy of creation of a vacancy. In which case (A >0 or A < 0) is
it favorable to create a vacancy ?

It is favorable to create a vacancy when there is a diminution of energy when one is created,
meaning that +A is negative.

(b) At T = 0 and h = 0, calculate the energy of the system in the three different states
(S;) = +1, (S;) = —1, and (S;) = 0. Which state is selected at T'=07

__<J%Si5j>+<AiS > ZN A

i=1 i=1

N
=—J> (SiS;)+A> (S?
(4,4 i=1
Cij = (Si55) — (9i)(S;)
In a mean-field-approximation we neglect correlations, meaning,

Cij = 0= (S:5;) = (Si)(S;)

N

= =T (S)(S;) + A (Si)(S)

(i,9) =1
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(H)o=—-JY 0+AY 0=0
(6,3) =1

The selected state is the one with the lowest energy, meaning that, if A — % < 0 it is the
state (9;) = £+1 that is selected, and if A— <22 > 0 it is the state (S;) = 0 that is selected.

(c) Which limit of A corresponds to the usual two-state Ising model ? How would you call the
A =0 model ?

For A = 0 we recover the usual Ising model.

1.2 Mean-field approximation

We now aim at performing a mean-field approximation (MFA). We write S; = m + 0.5;, where
m = (S;) is the average magnetization.

(a) Define the spin-spin correlation function C;;. What is the value of C;; in the MFA ?

Cij = (SiS;) — (Si)(S5;)
= ((mi + 05;)(m; + 05;)) — mim;
— (55,55))

Within the MFA, we're neglecting the correlation between spin-spin, meaning,

CUZO

(b) Show that within the MFA, it is possible to write the Hamiltonian (1.1) as

N N
1 2 2
HzﬁNsz —(h—{—sz)E SZ-+AE S:.

=1 =1
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H=—J> SS;+A> S7—h) S
(i,5) i=1 i=1
N N
= —J> (mi+0S;)(m; +08;) +AY SE—h> S
(i,5) i=1 i=1
N N
= —J > (mim; +midS; +m;08; +65:68;) + AY SP—h> 5
(i,5) i=1 =1
N N
=—J ) (m®+m(3S; +65;) +6S8:05;) + A SF—h> S

{i.d) i=1 i=1

N N
~ —sz2 _ 2JZm§Si+AZSi2 — hZSi
(4,3) (,5) i=1 i=1

N N

1 2 2

= —5NzJm —2Jm;(5i —m) +A2;SZ- —hZ;SZ-
,J 1= 1=

N N

= —%Nsz2 — 2JmZSZ- + 2Jm? Z(l) —i—AZSf — hzsi

(4.4) (i,5) i=1 i=1

N N
= %sznﬂ —2Jm;Si+A253 - hZISi
@, 1= =

1 - = -
— éNszz—sz;Sﬁ—A;S?—h;Si

N N
1 2 2
:§N2Jm — (h+zJm) E Si+A E S;

i=1 i=1

h — zJm can be seen as an effective field hg.

(c) Calculate the free energy F' within the MFA.
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{Sk} 1
—e 2BNsz H § e,B(h-i—sz)Si—ﬁASiQ
i S;=+1,0,—1

— ¢~ 3BNzJm® H [1 4 eBlhtzdm)=pA | e—ﬂ(h-&-sz)—ﬁA}

— ¢ 3ANzIm’ H [14 2e 72 cosh(B(h + zJm))]

= ¢ 2BNzIm? [1+ 2772 cosh(B(h + zJm))] "

which makes it possible to find an expression for free energy. Indeed, we have

F=—kgThhZz
_ NzJm?
2

— NkpTIn {1+ 2e 72 cosh(B(h + zJm))}

(d) Demonstrate that the average value m = (S;) is given by the expression

 10F

N Oh
Deduce that, within the MFA | the magnetization obeys the self-consistent equation (SCE)

B 2sinh(B[h + zJm])
~ exp(BA) + 2cosh(B[h + zJm])’

—
S1

1 8lnu

B Oh;
oF
Oh;




Since we take the mean value of m;’s,

__lor
N Oh
1 0 (NzJm?
- _ - _ —BA
N o { 5 NkpTIn {1+ 2e cosh(ﬁ(h—i—sz))}}

- kBT(% {In {1+ 2¢77* cosh(B(h + 2Jm)) } }

2e PR Bsinh(B(h + zJm))
1+ 2e=82 cosh(B(h + zJm))
B 2sinh(B[h + zJm])
~ exp(BA) + 2cosh(B[h + zJm))

= kT

From now on, we consider the case of vanishing magnetic field,h = 0.

(e) In the case A — —o0, discuss the solutions of the SCE.
For A — —o0,
m = tanh[SzJm]
We can define a critical temperature,
kgT.= zJ

If T > T,, there is only one solution : m = 0, if T < T,, there are three solutions : m = 0,
m = +m(T). Ultimately, if T = T, there is only one solution : m = 0.

(f) In the general case, show that m = 0 is a solution of the SCE.

2sinh(fS[zJm))
exp(BA) + 2 cosh(S[zJm])

We know that sinh(0) = 0 and cosh(0) = 1, so, m = 0 is always a solution because :

0

0=
efr + 2

Hence, it is always a solution.



(g) We now aim at discussing graphically the solutions of the SCE. We define t = kgT/zJ
and 6 = A/zJ.

(i) Express the SCE in term of the function

2sinh(m/t)
exp(d/t) + 2cosh(m/t)

f(m) =

_ 2sinh(B[zJJm])
exp(BA) + 2 cosh(B[zJm])

2sinh(zJm/kgT)
- exp(A/kgT) + 2 cosh(zJm/kgT)
B 2sinh(m/t) AN
~ exp(6/t) + 2 cosh(m/t) t kgl

(ii) What is the value of f(0)?

f(0)=0

(iii) What are the limits of f(m) when m — +o00?

. . M_ e_m/t
mglzloo f(m) - mli}iloo 65/t _|_)o/mf{_|_ e—m/t
_efm/tfzs/t

= lm 11 e—m/t-o/t

~ —1

_ _ em/t—e=mTt
mgr}rloo f(m) - mligrloo ed/t 4 em/tw
6m/t7§/t

- m]£>I-il:loo 1+ em/t=d/t

~ 1
(iv) Calculate

a7

dm 0
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Figure (1) — Colored lines : Plot of g(¢,d) = 2/[2 + exp(d/t)] as a function of ¢ for different values d; of ¢.
Black solid line : t.
and discuss graphically the number of solutions to the SCE. Show that there is a
critical reduced temperature t. defined by the equation

2
© 24 exp(d/te)

d _d 2sinh(m/t)
%f(m) ~dm (exp(é/t) + 2cosh(m/t)>

2 cosh(m/t)(exp(0/t) + 2 cosh(m/?)) — 2sinh(m/t) (2 sinh(m/t))
(exp(0/t) + 2 cosh(m/t))? 0
(exp(d/t) + 2)%

B 2/t

~exp(0/t) +2

(exp(8/4)+2)

But the left-side is also equal to 1, so

2/t

2
e B N
exp(d/t) + 2

2+ exp(3/1)

(v) Infigure 1 (colored lines) is plotted the function g(t,d) = 2/[2+exp(d/t)] as a function
of t for different values d; of 6. Which ¢,’s are positive and which of them are negative ?
Sort by ascending order the 9;’s.



(vii)

2

9:0) = S o/

if ¢ is positive, when t — 0, the exponential goes to co meaning that g(t,9) = 0. If §
is negative, when ¢ — 0, the exponential goes to 0 meaning that g(¢,d) = 2/2 = 1.
So looking at the curves, the red one (d4) is for a negative ¢ and the three others are
positive.

Plot the curve g(t, d) for the value of § corresponding to the Ising model and give the
corresponding ..

For the Ising model,

A
(5—5—0
So,
g(t,0) =1

Meaning t. = 1.

Using your previous discussion and question 1.1(b), sketch the general behavior of ¢,
as a function of 4.
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2 Pauli paramagnetism of a two-dimensional electron gas
|6 points]

In this exercice, we wish to understand one of the magnetic properties of a noninteracting electron
gas : the Pauli paramagnetism which is due to the alignment of the electronic magnetic moments
with the applied magnetic field. The one-electron Hamiltonian describing this phenomenon is
given by

p’
H=——yu—zB. 2.1

5 (2.1)
Here, p is the electron momentum, m its mass, p, = ¢S, /m its magnetic moment, which is related
to its spin S, through the gyromagnetic factor v = q/m, where ¢ = —e (with e = 1.6 x 1071° C
the elementary charge). In what follows, we consider a homogeneous magnetic field B parallel to
the z axis, and we assume that electrons are confined to a two-dimensional rectangular surface
with area A = L,L,, where L, and L, are the lateral dimensions of the electron gas in the z

and y directions, respectively.

We recall that electrons are spin 1/2 particles, so that they obey the Fermi-Dirac statistics. The
average occupancy of an energy state € is then given by

f(e) = B !

T (2.2)

where 8 = 1/kgT, with T the temperature of the gas, and where p = pu(T') is the chemical
potential.

2.1 Warm up
(a) Plot the Fermi-Dirac distribution (2.2) for both 7" =0 and 7" # 0.

kgT1 =
: BT1=u
P
1.00 L kgTo =05
. . kgT3 = 0.1
075} . % i g
- kgT4 = 0.00001
. 2 BT4 n
'-"<-—0.50» “ >
[ kBT1 N
0.25} .
0.00} — s
0 1 2 3



10

(b) How is defined the Fermi energy ep in terms of p?

ep = (T =0)

(c) In absence of magnetic field, the Hamiltonian (2.1) reduces to

H = o (2.3)
Using periodic boundary conditions, one can easily show that the spectrum corresponding
to the Hamiltonian (2.3) is given by e, = h%|k|*/2m, where the wavevector k = (ky, k) is
quantized according to k, = 2mn,/L, and k, = 27n, /L, with n, and n, integer numbers.
Show that the corresponding density of states (including the spin degeneracy) is energy
independent and is given in the thermodynamic limit by

mA

ad (2.4)

Po =

(,y) = Pu() X Yy(y)

And so in Schédinger’s equation,

_;_m (D2()y (y) + val@)ell ()
So,
V() () 2mb

And so we have the equation,

O () + ki) = 0

Vi(x;) = Cst x e™*
Periodic boundary conditions,
;i (0) = (L) = 1 = kil
And so,

2
k’sz = 27TTLZ' — k’l = fﬂ—ni, n; € 7
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o2r|k> 2 2mE  AmE
0= B) =g = rlel = = 73

The factor 2 in here is for the spin degeneracy. And so,

_dQO0—E)  Am
N dE - 7h2

p(E)

(d) Still in absence of a magnetic field, show that ez = N/po, where N is the total number of

electrons in the two-dimensional gas.

FL2]€% 2meF
p— k p—
°r 2m E h?
K

N = G
LoLy

. GFWA
- Th?
= €rpo

And so,

€cp — —
£o

2.2 Pauli paramagnetism
The energy spectrum corresponding to the Hamiltonian (2.1) is spin dependent, and given by

o _ Pkp
k 2

+ €B,

where + (—) corresponds to a spin up (down) electron. Here, e = upB, with pup = hig/2m the
Bohr magneton.

(a) Show that the density of states of the two spin species is energy dependent and given by
1
p=(€) = 5;009(6 + ep),

where 6(x) is the Heaviside step function.
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At T =0,
27.2
E+:€1€—€B: Ik — €p
2m
1
pi(e)de = 5%(64‘63)(16

And we know that p,(e¢)de > 0, implying that € + e > 0. But, if € + e < 0, this does
mean that A%k%/2m < 0, which is impossible, meaning there is not states like that and so
we get,

1 Am

p+(€) = 55 0(e+ep)

1

= 5pobl(e+e5)

And same for p_ so we get,

1
p(€) = 5009(6 + ep)

where the 1/2 factor is here because of the lift of the degeneracy from the without field case.

Let us first assume that both the temperature 7" and the chemical potential u are fixed.
Show that the average number of spin up and spin down electrons, denoted by N, is given

by

_ Po Blten+
Ni—%ln(l—{—e [Fes “]).

N, = / dep=()f(€)
/

1 1
d€§p09(€ + EB)M

N, = L +Ood —1
+= 5P . “eBlem 11

1 +oo e Ble—n)

1 T BeBlen)

= PO (1 4 e Bl

—€p

€B
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N_ = +Ood ! 0 —1
= €500 (6_63)1+65(6—u)

0o +oo _ Be—Ble-n)
Y o e Plem 4

_ _Po —B(e—p) )] T
== (1 + e )]

p —0Oleg—
ziln(l—i-e Ples=m)

In the end,

Ny = Qp_; 111(1 + eﬁ(i€B+M))

(c) Let us now consider that the total number of electrons N = N, + N_ is fixed. Deduce from
the preceding question a quadratic equation for the fugacity z = ¢’#. Give the resulting
expression of the chemical potential as a function of €z and eg. In particular, analyze the
low temperature (Sep > 1) and low magnetic field (e < 1) limits.

N=N,+N_ z =Pt

Ny = 5—; ln(l + zei’BEB)

N = 5—; In [(1 + zeﬁEB) (1 + 26_663)}

— 5—; In(1 + 2z cosh(Bep) + 2%)

Meaning,
20N
Po

= In(1 + 2z cosh(Bep) + 2%)

) 28N
2% 4 2zcosh(fep) +1—er =0

The solution of this polynomial is

26N
—2cosh(Bep) + \/4 cosh?(Bep) —4(1 —e ) 0
Z = >
2
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We know that z = e®* and so,

28N

1 —2cosh(Bep) + \/4 cosh?(Beg) —4(1 —e )
p=gh 2

lim =€
T—0, B—0 H

If B=0, eg =0, meaning,

And thus we recover

(d) The magnetization of the electron gas is given by M = ug(N, — N_)/A, and the corres-
ponding susceptibility is defined as

xp =l Z5

Calculate the Pauli susceptibility xp as a function of pg, A, and pp in the degenerate limit
ﬁG > 1.

]\/'+ = 5—; 1n(1 + 618(634’//')) N, — 5_; ln(l + 6,6(*634’#))
o 1 + eflen+n)
N+ — iV = 2_111(1 + eB(—eptp)

But we are at fep > 1,

p= %ln {\/COSh2(B€B) + e2Ber — 1 — cosh(ﬁeB)} R %ln(eﬁeF)

~

NEF



And so,

M =

~

~
~

Meaning,

And so,

15

00 1+ eBles+p)
2483 ln(l + eﬂ(GBJrH))

00 14+ eBles+er)
248 ln(l + 65(‘”3*“”’)

HBPo 2Bep
—ZAﬁ ln(e )
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