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1 Ferromagnetism and antiferromagnetism

Let us consider a d-dimensional Ising model, consisting of N > 1 Ising spins s; = £1 at the
temperature T, located at the sites ¢ of a hypercubic lattice and subject to a magnetic field h
(in energy units). We denote 8 = 1/kgT, with kg the Boltzmann constant. In what follows, we
only consider interactions between nearest neighbors. The Hamiltonian of the system is written
as

N
H:—JZSiS]’—hZSi, (11)
(i.7) =1

where (i, j) denotes a summation over nearest neighbors i and j.

1.1 Ferromagnetism and mean-field approximation

In this first part of the problem, the coupling constant J is positive and we denote it J = Jp,
with Jr > 0.

(a) Justify that within the mean field approximation,
s:8; = (s8; + s;)m —m?® for i # j,

where m = (s;) is the average magnetization per site.

We can always decompose a variable as the sum of its mean value and the fluctuations
around the mean value,

S; = <Sz> + 581‘ =m; + 581‘

{si:m%—ési

Sj:m+(58j

i85 = m* +m(ds; + 05;) + 98;0s;
~0
=m*+m(s; —m+s; —m)

= m(s; + s;) —m®

(b) Deduce that within the above-mentioned approximation, the Hamiltonian (1.1) takes the
form

N
1
H >~ —(h+ zJpm) Zsi + §NzJFm2, (1.2)

=1



with z the number of nearest neighbors of a given lattice site 4.

We can now rewrite,

N
H:_JFZSiSj_hZSi
(1,9 =1
N
—JF Z[(SZ + sj)m — m2] — hZSZ

(3,5) i=1

N
= —me Z(Sl + Sj) —1—me2 Z 1 —hz S;
(4,9) (i,5) i=1

Q

dummy index :% Nz
1 N
= -2Jrm Z S; +§NzJFm2 — hz S
(4.3) =1
——
:%'225\;1 Si

N
1
= —(h + ZJFm) Z s; + §N2me2

i=1

Which is exactly the (1.2) hamiltonian.

(c) What is the physical meaning of the term h + zJpm in the mean-field Hamiltonian (1.2) ?

The term h + zJpm has the meaning of an effective field by spin 7. It takes into account
the interactions between i and its first neighbors, and account the field disturbance that
this implies.

(d) Calculate the canonical partition function Z and the free energy F' of the system within
the mean-field approximation.



We know that the partition function 7 is,

7 = Z . Z o BH
S1 SN
— Z e Z l(h+zTpm) S, si—§ NzJpm?
S1 SN

N
B
_ 6—5szpm2 E Heﬂ(h—o—z.]pm)si

{sr} =1

N
B 2 .
_ e_ENZJFm H E eﬁ(h—ﬁ—zme)sZ

1=1 {s;==%1}
, N
= e 2N TT 2cosh(B(h + 2Jpm))]
1=1

_ e_gNzJFm2 [2 COSh(B(h’ + ZJFm))]N
And the free energy F),

F=—-kgT'InZz
= —kpT'In {e_gNZJsz 2 cosh(B(h + ZJFm))}N}

2
_ NI N T 2 cosh(B(h + 2Jrm))]

Show that the average magnetization m per site is the solution of a self-consistent equation
that you will explicitly determine. (Do not discuss the general possible solutions.)

We know that,

OF
m=——a = tanh(B(h + zJpm))

Let us consider for this question that A = 0. Show that there exists a phase transition
(paramagnetic-ferromagnetic) for a critical temperature T,. Determine T as a function of
the different parameters of the problem. What does the mean-field approximation predict
for the case d = 17 Compare to your knowledge of the exact solution of the one-dimensional
Ising model.

For h =0,
m = tanh(5zJrpm)

We can solve this equation graphically,



we can write,

arctanh(m) = BzJrm

We define a critical temperature T, defined by,
k BTc =zJ rF

The mean-field approximation predict a phase transition in d = 1, however, we know that
this is wrong when we’re doing the exact calculation for the d = 1 Ising model (without any
approximations). This is due of the fact that, Ising model start being good as the number
of nearest neighbors start to be huge, in the 1D case, there is not enough neighbors to
perform such an approximation and expect to have correct results.

1.2 Antiferromagnetism

In this second part of the problem, the coupling constant is negative, and we denote it J = —J p
with Jar > 0.

1.2.1 General results

(a) Describe the effect of the first term of the Hamiltonian 1.1 on the spin orientations.

Now the hamiltonian is,

N

%:JAFZSiSj_hZSi

(.9 =1



(b)

Now this first term, instead of enforcing spin’s alignment, will force spin’s anti-alignment,
as shown on this schematic

Let us consider for this question that 7"= 0 and h = 0. Justify that the system splits into
two sublattices A and B, such that the spins take the value +1 or —1 depending on the su-
blattice to which they belong. These states are called Néel states. How many Néel states are
there 7 Give the expressions of the magnetization and the average energy of the Néel states.

As shown on the shematic, the first term of the hamiltonian will force the anti-alignment
of the spins, so, at null-temperature, the whole lattice will be anti aligned. We can then
consider two sub-lattices, one representing spin up 1 and the other one the spin down |.
There is as much Néel states as there is of distinct spin state. In our case there is only two
states : +1 and —1, therefore two Néel states.

Still at 7" = 0, what is the qualitative effect of a positive uniform magnetic field A7 By
comparing the energy of a Néel state subject to a finite magnetic field and that of a ferro-
magnetic state (where all the spins are orientated in the same direction), deduce the critical
value h. (T = 0) for which it is possible for the system to go from the antiferromagnetic
phase to the ferromagnetic one.

1.2.2 Mean-field approximation

We call mg = (s;) (i € A) the average magnetization of the spins belonging to the sublattice A
and mp = (s;) (j € B) the average magnetization of the spins belonging to the sublattice B.

(a)

Justify that
8i8; = §;mp + ;M4 — Mamp (1€ A, jeB)

in the mean-field approximation.

As we did before,

S; = <S,> + 58,‘ =Mma + 582‘
S = <5j> + 55]’ =mp + (SSJ'



sisj = (ma +ds;)(mp + Js;)
= mamp + mads; +mpos; + 05;05;
~0
=mamp +my +ma(s; —mp) +mp(s; —ma)

= S;mp+ S;M4 —Mampg

(b) Deduce from the preceding question that one can approximate the Hamiltonian (1.1) by
1
H >~ —(h—zJapmp) Z si — (h — zJapma) Z Sj — §NZJAFmAmB.

icA jeB

N
H = _stisj — hZSZ
(i.7) =1

Q

N
JAr Z(simg + s;myg —mamp) — hz S;
=1

(1,5

N
= Jarmp Z si +Jarma Z sj  —Jarmamp Z 1—h Z S
i—1

(6,3) (4,9) (6,3)

1\,_/ 1\,_/ ——
:§Zzi€A Si :§ZZjEB Sj :%Nz
1 1 1 al
= §JAFmBzZ$i+§JAFmAzZsj —§NZJAFmAmB—h Zsi
icA jeB i=1
——
Dica Si+zjeB S5
1
= —(h—zJapmp) Zsi — (h — zJarpmy) Zsj — §N2JAFmAmB
icA jEB

(c) Using your answers to questions 1.1(c) and 1.1(e), argue that m, and mp verify the
following system of self-consistent equations :

ma = tanh(8[h — Amp]),
mp = tanh(B[h — Amy)).

What is the expression of the constant A ?

From 1.1(c) we know that, h + zJpm was an effective field by spin ¢, now, we have in a
way, two effective field, h — zJapmp that act on spin 7 and h — zJapm 4 that act on spin j.

And from 1.1(e), the self consistent equation for m was,

m = tanh(5(h + zJpm))



So in our situation,

my4 = tanh(B(h — zJarpmp))
mp = tanh(B(h — zJapma))

(d) Let us first consider the zero magnetic field case (h = 0).
(i) Assuming that my4 = —mp, show that there exists a phase transition for a tempera-
ture Ty (called the Néel temperature) between a phase where my = —mp =0 and a
phase where ma(T) = —mp(T) = mo(T'). Give an expression for Ty. Sketch m(T")
as a function of temperature.

mp = tanh(B(h — zJapma))

ma = tanh(B(h — zJarmg)) m4 = tanh(5zJapma)
mp = tanh(BzJapmp)

Which is the same equation for m4 and mpg, so we can use the result of the question
1.1(f), we can define the Néel temperature as,

kTN = zJar

aH T<L T“

b
-4

(ii) Sketch my = (ma+mp)/2 and m_ = (ma —mp)/2 as a function of 7. Which quan-
tity is the order parameter of the antiferromagnetic-paramagnetic phase transition ?
What would you find if you would measure the average magnetization of the sample ?



e e
A + A~
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-4

The quantity that is the order parameter of the antiferromagnetic-paramagnetic phase
transition is m_. The average magnetization of the sample at a given temperature T’
is (m_(T)).
(e) We now seek to characterize the effect of the magnetic field on m 4 and mp by calculating
the magnetic susceptibility of the crystal defined by

o am+
X0,

(i) We first consider that 7' > Ty and we assume that the magnetic field is weak (with
respect to what 7). Linearize the self-consistent equations and show that

C

SR 1.
X(T) kT + kpTx (1.3)

where C' is a dimensionless constant that you will determine.

h T
ma = tanh(S[h — zJapmp]) = T TNmB,
h T
mp = tanh(SB[h — zJapmal) =~ T ?NmA.
So,
h TN h TN
my =—-Mma+mp)=+—"7— =Ma+mp) = 7—5 — &
+ = gmatme) = o = op(matme) = 7 = 7
So,
Ty h
w (7)< 7
So,



So,

So,

(i) We now move to the case T' < Tx. We assume that the magnetic field his weak
and we write the magnetizations on the sites A and B as my = mg + Amy4 and

mp = —mgy + Amp, with Amy < mg and Ampg < mgy. By performing a Taylor

expansion of the self-consistent equations, show that the susceptibility takes the form !
1

x(T) (1.4)

- kBT COSh2<TTNmO(T)) + k?BTN

Show that for 7" > Ty one finds the previous result of Eq. (1.3). How does x behave
at low temperature ? Sketch the graph of x(7") and compare it to that of a ferromagnet.

h T h T T
ma = tanh(— — —NmB> = tanh(_ — _NAmB + _Nmo)

kT T kT T T
So,
h Ty
T T — 1AM
+ A ~ tanh| — B
o A t ( T m0> cosh? (T?Nmo)
And,
h TN h TN TN
= tanh| — — = tanh|{ — — S
mpg an (kBT T mA) an (kBT T AT m0>
So,
h Ty
Ty T — 1AM
—mg + Ampg ~ —tanh| —m 5
0 b ( T 0) cosh? (TTNmO)
So,

ki—hT — (TTNAmA + AmB)

cosh? (TTNmO)

ma+mp = =Amy + Amp

1. We recall that tanh(a + ) ~ tanha + x/ cosh® a for z < 1.
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T 1 2h_
Ama+ Am 1+ = = mel
(Amy 5) { T cosh? (TTNmO) } cosh? (TTNmo)
Therefore,
2h 1 2h 1
Amg+ Ampg =2m, = : - 7
A B + knT cosh? (TTNmo) 1+ TTNW kp {TN + T cosh? (TTNmo)
Meaning,
h 1
my = —
* kB Ty + TCOSh2 (TTNmo)
So,
8m+ N 1
X = N = 7. 2 (Tn
oh h=0 kg | Ty + T cosh (Tmo)

}
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2 Landau diamagnetism of a two-dimensional electron gas

The magnetic properties of a noninteracting electron gas are controlled by two phenomena :
the Pauli paramagnetism due to the alignment of the electronic magnetic moments with the
applied magnetic field, and the Landau diamagnetism induced by the orbital motion of the
electronic charges. In this problem we aim at describing the second of these phenomena, using
the one-electron Hamiltonian (in cgs units)

H= % [0+ EA(T)]2 , (2.1)

where A(r) is the vector potential, —e the electronic charge (e > 0), and c¢ the speed of light in
vacuum. In Eq. (2.1), m is the (effective) mass of the charge carriers (i.e., the electrons).

In what follows, we consider a homogeneous magnetic field B parallel to the z axis (B = 0,4, —
0,A, = constant), and we assume that electrons are confined to a two-dimensional rectangular
surface with area A = L,L,,, where L, and L, are the lateral dimensions of the electron gas in
the x and y directions, respectively.

2.1 General results for noninteracting fermions

(a) Carefully demonstrate that the grand-canonical partition function for noninteracting fer-
mions is given by

= H [1 4+ e*ﬁ(ﬁxﬂu)} ,

A

where the product runs over quantum states A\ with energy ey. Here, 5 = 1/kgT with T
the temperature and p is the chemical potential.

= Z e~ Bla—nNi)

(@

DS expl_ﬁ( S amop Y m)]

na =0 may=0 AN AN
1 1
= > I e=Bler—mm)
TL)\IZO YL)\NZO)\lAN
1
= [ > exp(=6(ex — pina)
A TL)\ZO

— H [1 + 6—5(5)\—#)}

A
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(b) Deduce from the previous result that the general expression of the grand potential for
noninteracting fermionic particles is given by

Q=—kpT Y In(1+e PO, (2.2)
A

The grand potentiel is defined as,
Q=—kgTlnZ
So,

Q= —kpTln {H [1+ e Pl }

A
= —kpT Y In{l+e oM}
A

2.2 Landau susceptibility

The energy spectrum of the Hamiltonian (2.1) corresponds to the one of a harmonic oscillator
with (cyclotron) frequency w, = eB/mc (we assume B > 0 from now on) :

1
en:hwc(n+§), n €N

defining so-called Landau levels. Each Landau level is highly degenerate, with degeneracy factor
(including the spin degeneracy)

Gn = pohwe,

where py = m.A/mh? is the density of states of the two-dimensional electron gas at zero magnetic
field. 2

(a) Give an expression of the grand-potential (2.2) in terms of a summation over Landau levels
n and as a function of py.

Meaning,

Q=—kpTY In{l4e P}
A
= —kpTpohwe Y In {1+ e P}

= —kpT pohw, Z In {1 + e_’B(h”C{"JF%}_“)}

2. Note that the degeneracy factor is in fact independent on n.
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(b) The Euler-MacLaurin formula allows one to approximate a discrete summation by the
following expression :

a;f(a(n +1/2)) = /0 T da f(x) + g—4f’<0) +0(a?),

where f(z) is a function that decreases sufficiently fast when z — oo, where f/(x) is its
derivative with respect to z, and where a is some dimensionless parameter. Use the above
formula to show, in the limits fhAw. < 1 and Su > 1, that

A(B) = QB = 0) + L ()

where the expression for (B = 0) involves an integral not to be calculated.

We saw that,
Q= —kpTpohw. Y I {1 + e*ﬁ(m{wé}w)}

n

Now, fhw. < 1 and Su > 1, meaning,

+oo (hw,)?
0~ —kBTpO/ In {1 + 6’5(“75)} de — kBTpOTf/<O)
0

(hw.)?
~ QB =
( 0) + po 2

(c) Let us define the Landau susceptibility as
1 .. 0°Q

X =T o
Show that

So,

1 0? Ae?
— S lim 2 QB =0)+ -2 B
XE A 550 9B? { ( )+ 247mc? }
2
e

127me?
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